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Viscous High-Speed Flow Computations by Adaptive
Mesh Embedding Techniques
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Universita di Roma ““La Sapienza,” 00184 Rome, Italy

In the present work, an adaptive mesh embedding technique has been developed for the solution of viscous
high Mach number flows. The equations solved are the two-dimensional full Navier Stokes equations. A Runge
Kutta finite volume formulation is used with symmetric discretization of both inviscid and viscous fluxes, and
adaptive dissipation. The technique has been applied to a shock-wave boundary-layer laminar interaction
problem and to a variety of flows over a (double ellipse) blunt body to study the effects of grid quality and
topology of the adopted region on the solution accuracy. Computed results indicate that the selection of the
most appropriate criterion for adaptation depends upon the physical phenomena of interest.

Introduction

HE development of high-speed maneuverable re-entry

vehicles has refocused attention on the problem of ac-
curately predicting flow features such as shock waves and their
interactions with boundary layers.! These phenomena are rather
localized and require accurate schemes and/or high mesh re-
finement in small portions of the computational domain.

During the last years, several upwind total variation di-
minishing (TVD) methods have been developed that give
sharp representation of flow discontinuities, without using
artificial dissipative terms.?-* In the recent past, numerical
techniques for unstructured meshes have also received strong
impulse for computational fluid dynamics (CFD) applications:
unstructured grids allow grid points to concentrate where needed
without introducing complications in the solution algorithm.*
However, codes for unstructured meshes and/or based on
TVD schemes are computationally expensive.

At present, adaptive mesh embedding on structured grids
can be considered as an alternative and valuable tool to en-
hance, locally, the accuracy of numerical solutions, without
excessive computational overhead.*-!"

In the present work, adaptive mesh embedding has been
used for viscous high Mach number flows. Several adaptation
criteria have been tested to show that the optimal criterion
depends upon the most relevant flow features to be resolved
accurately.

Crucial characteristics of any mesh embedding technique
are the adaptation criterion and the treatment of fluxes at
boundaries of adaptation regions in order to maintain stabil-
ity, conservation, and accuracy of the solution. Dealing with
high-speed flows, the treatment of the interfaces between
adapted regions must be particularly robust, in order to avoid
instability of the solution if the embedded mesh boundaries
are near high gradient regions.

The strategy adopted here relies on a higher order, con-
servative reconstruction of the coarse grid solution in those
cells that lie just along the boundaries of embedded regions:
this reconstruction is used to define auxiliary points needed
by the numerical scheme for a correct evaluation of fluxes at
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boundaries of embedded regions. However, higher order re-
construction could induce oscillations or even instabilities. To
inhibit such oscillations and/or instabilities, slope limiting is
enforced in the reconstruction, so as to avoid the recon-
structed values that lie outside the minimum and maximum
of neighboring average cell values.

The reliability and usefulness of the technique is demon-
strated by its application to shock-wave boundary-layer in-
teraction problem'' and to a variety of viscous high Mach
number flows around a longitudinal section of a re-entry-type
vehicle.

Governing Equations

The governing equations solved are the laminar compress-
ible Navier-Stokes equations in conservation form

ad;L wds = ‘ﬁg (Fz = F) - nds (1)

where W, F, F\ are, respectively, the vector unknown, the
inviscid and viscous flux tensors, defined as follows:

W = [p, pu, pE]”
Fg = [pu, puu + p, pu(E + plp)]”
F,=[0,g -(q-u- 9] (2)
and
g =pu(Vu + Vu") - 5uV-ul (3)
g = —AVT (4)
- {“I;T _ 1+ s, = (5)
s,-pr‘-m T>s,

where T = T/T.; s, = 120/T,; s, = 110/T,; U is the unit
tensor; and A is the thermal conductivity. The given set of
governing equations is completed by the equation of state:

u-u
p=1(y- l)p(E - ‘7‘)

(6)

Numerical Solution

The approach followed in the present work is based on a
cell-centered finite volume time-marching formulation. The
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discretization of space and time is separated by use of the
method of lines, thus reducing the system of discretized equa-
tions to a system of ordinary differential equations. The basic
numerical algorithm employs symmetric discretization of both
the inviscid and viscous terms. Time integration is performed
by a five-stage Runge-Kutta technique.

It is well recognized that the topology of the grid is primarily
responsible for the numerical errors on the solution of the
conservation equations for compressible flows. Adequate res-
olution can be achieved only by using very fine grids. How-
ever, the need of accuracy contrasts with the need of high
computational efficiency. It should be pointed out further
that, in general, higher accuracy is needed not everywhere in
the field, but only in the regions where “local”” phenomena
occur: across shocks, at the shock/boundary-layer interaction
site, and so forth. Hence, to minimize both computational
costs and numerical errors, a technique, which is capable of
enhancing the accuracy only where needed, should be devised.

Adaptive mesh embedding is a good candidate. With such
a technique, the grid is refined by embedding cells locally
according to an adaptation criterion: each cell is subdivided
both in x and y into four smaller cells whenever the criterion
is met. All cells of embedded types are organized in a grid
that, in the hierarchical sense, is of higher level (i.e., finer).
Grids belonging to different levels are organized in a tree-
like structure, and pointers are introduced for: 1) establishing
grid communication across the different levels; 2) determining
cell adjacency relationships; and 3) obtaining the position of
embedded cell vertices for an efficient evaluation of the vis-
cous contributions. At present, only two levels of embedding
are allowed. Additional embedding would require more pointers
to address efficiently more than two grid levels.

A solution vector is defined on each grid, and time stepping
is performed separately on each one.’>~* Let G, be the level
€-0 grid (the initial one), and G, and level €-1 grid (the embed-
ded one), then W, and W, indicate the corresponding solution
vectors. .

The solution is first obtained on the initial grid-according
to the following algorithm

Wi = W
At,
WE = W® + q, S—R(WS”, WD)
4]
Wit = WP (7

where R is the residual defined as the sum of the inviscid (R)),
viscous (R,) and adaptive dissipation (R,) contributions:

R = RP + RY + RY (8)

The coefficients of the Runge Kutta scheme that guarantee
high frequency damping behavior!'? are set equal to: a, = i;
a, = %, a; = ¥, a, = 3; a; = 1. To ensure good parabolic
stability, the adaptive dissipation contribution is evaluated
only at odd stages according to the formula:

RE™D = (1 = Bop e JRE™ ™D + Bo s Rp(WE™)  (9)

where m = 1, 2 and the values of the Bs are: 8, = 1; 8, =
0; B, = 0.56; B, = 0; B; = 0.44. At even stages (the second
and the fourth), the term R, is evaluated as follows:

R(l;m) p— R([.)Zln~l) (10)

Numerical Inviscid Flux Contribution R,

The numerical inviscid flux contribution is evaluated ac-
cording to the following formula

R, (W, = Z (Fe oum ﬂ)ﬁAsﬁ (11)

B=14

where B indicates the cell faces and the subscript num stands
for numerical. At the midpoint of cell face B = 1 (defined
as (i + 172, J)) Fg.num is computed with a cell-centered ap-
proximation that ensures consistency and conservation:

(FE.num : 2)i+l/2.j = -I?(FEi./ + FE:+L/) ' Qi+l/2./’ (12)

Numerical Viscous Flux Contribution (R,)

The numerical viscous flux contribution is cast in the fol-
lowing form:

R, (W,) = 324 (Fy oum E)BAsﬁ (13)

According to the constitutive equations, the viscous fluxes
depend upon the gradients of the primitive variables (velocity
and temperature). The numerical counterpart is obtained by
applying Gauss theorem to a computational cell (see Fig. 1)
whose vertices are the two grid nodes I, Jand I, J — 1, and
the centers of the two adjacent cells i, j and i + 1, j. For an
arbitrary function ¢, the numerical derivatives at cell face

(i + 4,j) are:
<3_<p> _ PewYns — PnsVEW
0x i+ 12§ XewYNns — XnsYEW
<6_<p> _ _ Yewkns T OnsXEw
ay i+ 12, YewXns ™ YNSXEW
where

Pew = Qivr; — Qi
Xns = Xpy = Xpy-a
Pns = Prs — Pri-1
Xew = X1y — Xiyj

The cell vertex values ¢;,, ¢;,_, are obtained by bilinear
interpolation of cell center values. Hence, the discretized vis-
cous flux contribution at cell face 8 = 1 is an algebraic func-
tion of grid and cell center values; that is

(FV.num)B=1 = gWorss Wors—1s Wi WOH—L/’) (14)

Adaptive Dissipation Flux Contribution (R,)

Adaptive dissipation is usually added for inviscid flow com-
putations in order to prevent oscillations and even/odd point
decoupling. Viscous high-speed flows are generally charac-
terized by very steep gradients that may enhance the nonlinear
effects. Consequently, the physical dissipation may not be

L AR VAR VA
O i+l/4j U4
AR VRS ES V!
o i+l/4 j+1/4

Fig. 1 Computational cell.
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sufficient to damp the oscillations, and adaptive dissipation
is still added. The latter contribution is defined as:

R,(W,) = B=214 (Fap Q)BAS,B (15)

The term F 4p Tepresents the adaptive dissipation flux, which
is a blending of first and third order derivatives, as proposed
by Jameson et al.!* For example, at cell face 8 = 1 one has

(Fap * nAS)i 12

= )\iﬂ/z,j(fﬁ)l/z,jAgW - 5:(1)1/2‘,'A;+A[A2 Wi.j) (16)

ij

where { is the curvilinear coordinate associated with the “log-
ical” i direction, and A* and A~ represent, respectively, the
forward and backward difference operators. The variables
A1y €21, and 9,  are, respectively, the spectral radius
of the inviscid flux jacobian, and the second and fourth-order
pressure sensors, defined as

2 — L
iy = kP max(v,_ 1, vy Viey, Vis2)
4 _ 4 2
8:('+)1/2,j - max[o’ (k( ) — €§+)l/2.;)]

|Pi+1,/ - zpi.j t Pyt 3|
IPH»I./' + 2+ Pisy; t 8|

k@ = k® min(1, M?)

V. =

i

where £ = 1/16 and § = 10~# are constants. Observe that,
in order to reduce the effects of artificial dissipation in the
viscous layer, the constant multiplying the second-order pres-
sure sensor has been scaled by the local Mach number.

The first term of Eq. (16) enforces an entropy-like condition
and it prevents oscillations near shocks; the second term damps
high-frequency modes and it affects the linear stability of the
scheme.

Adaptive Mesh Embedding

The solution on the initial grid G, is obtained until quasi-
convergence is reached: it is sufficient that the residual drops
a few orders of magnitude. Then, a cumulative distribution
function fis constructed, which represents the number of cells
where an error indicator parameter ¢ is greater than a thresh-
old value T. All cells, for which the adaptation criterion is
met, are flagged, thus indicating that they are the ones where
greater accuracy is required. Let NV be the total number of
such cells, then 4N embedded cells (of level ¢-1 type) are
generated by halving the N-flagged cells both in the x and y
directions (see Fig. 1). The embedded grid G, is defined as
the set of all ¢-1-type cells. Higher level (finer) embedded
grids are generated in a similar manner once the solution on
the lower level ones has been obtained.

The topology of the ‘‘adapted™ region (i.e., the region con-
taining embedded cells) depends upon the selected adaptation
criterion. Several criteria have been implemented

1) Criterion based on the gradient of a variable g

e = |VellVS a7

where Vg is the numerical gradient of g computed by use of
Gauss theorem, and S is the cell area. The factor V'S is in-
troduced to inhibit the refinement of the smallest ¢-0-type
cells.

2) Criterion based on the undivided difference of a variable

8

e = [Agl = ((Ag) + (Ag))"” (18)

where Ag is the undivided difference of g, and
Ag = giv1; — 8i-1,
Ag = g1 — &ij

This criterion is not affected by the metric (i.e., grid smooth-
ness, aspect ratio distribution, etc.). However, it can generate
finer and finer cells in those regions (such as across shocks)
where the undivided difference remains constant indepen-
dently of the mesh refinement.

3) Criterion based on the gradients of two variables g and

q
e = Vgl - IVql (19)

Observe that, depending upon the selected criterion and the
variables chosen for g and ¢, different adapted topologies
arise. It has been shown® that for boundary-layer flows, stag-
nation regions, slip lines, and so forth, the most suited variable
is the velocity. Vice versa, for shock-wave adaptation, the
pressure is the most suited variable.

In the regions of adaptation, the multigrid strategy is ex-
ploited as a mean to improve the accuracy of the solution on
the given initial grid G, as also pointed out by Brandt.'* The
computation proceeds from the finest to the coarsest embed-
ded grid levels; and then the initial grid solution is updated.
Thus, if m is the number of embedded grid levels, the solution
is obtained in m + 1 phases. For example, assuming only one
level of embedding, the strategy is as follows.

Initialization of W,

Once G, is generated, the corresponding solution is initialized
by means of a two-dimensional data reconstruction based on
Legendre polynomials. To inhibit oscillations slope limiters
are introduced, which enforce the constraint that no new max-
ima nor minima in the solution arise at centroids of embedded

cells. Thus, second-order upwind approximation®>¢'> of €-1

variables at position (i = i, j = ) yields:

Wiciajen = Wo, = 5(7AS + ¢747)
= HPTA + dTAT)  (20)
where
AF = =(Woer; — W)
AF = (W er — Wor)

One-dimensional slope limited reconstruction yields:
¢* = min(¢;, d)ji)

where ¢, ¢ are, respectively, the slope limiters in the x
and y directions. For example, given the one-dimensional
zonewise averages of a variable u (see Fig. 2), second-order
interpolation yields:

Uieys = U = 34 + A7)
The enforcement of the constraints

Ui s = Uiy Ui s = U,
gives:

¢ = minmod(A7, bA)
where b = 7.

Likewise, slope-limited reconstruction in the j-direction
yields:
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i—1 i i+l

Fig. 2 One-dimensional slope limited reconstruction.

¢ = minmod (A7, bAF)
Evolution of W,
The solution on G, evolves according to Eq. (7):
we = Wy

At
wH = W + ak?‘R(Wg‘”, WD)
1

W711+1 — WgS)
Injection of W, on G,
Once W, is computed, it is injected onto the underlying

lower-level grid by means of volume weighted average, yield-
ing:

1 - -
W()i,/' = S [(Wl)i— 1/4,j—1/4 + (Wl)i+ 1/4,j— 174
0.,4,f
+ (Wl)i+ 1a,j+ 1/4 + (Wl)if 14,5+ 1/4] (21)

where W = S - W.

Evolution of W,

A forcing function f is introduced to inhibit the loss of
accuracy of W, in the adapted region. As in the multigrid
approach, fis defined as:

f=2Z R - R (22)

where the summation is extended to the €¢-1 cells.

Then, in the adapted region, once the injection of W, and
the construction of the forcing function are completed, the
solution W, evolves as follows:

W = W
Aty _
W = Wi + a ‘:S:— f + RE~D)
0

Wit = W (23)

In the region that does not contain embedded cells, the
solution evolves according to Eq. (7).

Correction Transfer of W, on G,

In the adapted region, the solutions W, and W, are advanced
to the same time level by transferring the W, correction on
G,. A bilinear interpolation formula is used, that yields:

Wiiciajova = Wi ajim
+ 0.5625(Wp' — W, )
+ 0.1875(Wytt , —
+ 0.1875(Wisty — Wi ;o)

+ 0.0625(WyY ,_, — Wiy, ) (24)

L 1‘,')

Interface Treatment

The interfaces, between grids of different levels, introduce
internal boundaries that require a correct choice of boundary
conditions to ensure conservation, accuracy, and stability.
Allmaras and Baron'® have defined interface fluxes by inter-
polation of coarse and fine grid fluxes, and have shown that
stability can only be achieved at the expense of accuracy.
Berger® and Berger and Jameson® have solved the problem
by injecting fine embedded grid fluxes onto the coarse grid,
and by introducing a fictitious layer of embedded cells, whose
solution is determined by bilinear interpolation of the coarse
grid one.

In the present work, conservation is enforced by injecting
at each stage of the Runge Kutta algorithm the fine embedded
grid fluxes onto the coarse grid. Moreover, a fictitious layer
of embedded cells are introduced at the interfaces, where the
boundary conditions are determined by interpolating coarse
grid values by means of the formula used in the initialization
step [Eq. (20)].

Results

In the present work, laminar high-speed flows have been
computed. Two different test cases have been selected: a
shock-wave boundary-layer interaction, and the flow over a
double ellipse. The objective of the computations is twofold:
1) to study the effects of the grid quality; 2) and to show
the dependency of the solution upon the topology of the adapted
region.

Shock-Wave/Boundary-Layer Interaction

The first test case investigated is a laminar shock-wave
boundary-layer interaction on a flat plate. The flow conditions
correspond to those of Hakkinen et al.'': the freestream Mach
number is M., = 2.0; the impinging shock angle is § = 32.6
deg; the impinging shock location (measured from the leading
edge) is x,,, = 0.16 ft; and the Reynolds number based on
Xgu 1S Re,,, = 0.296 x 10°. The total length of the plate is
about 1.2 X x,,,. The farfield boundary in the direction nor-
mal to the wall is about fifteen times the boundary-layer thick-
ness, estimated immediately ahead of the shock impingement
location. Freestream boundary conditions are imposed at in-
flow; at the farfield inviscid jump conditions for the given
shock strength are set; no slip and adiabatic conditions are
imposed along the wall; second-order extrapolation condi-
tions are set at the outflow boundary.

This test case is simple and complex at the same time: it is
simple because of the geometrical simplicity of the problem,
and it is complex due to the presence of the shock wave
impinging on the boundary layer. Depending on the strength
of the shock and on the value of the freestream Mach number,
the flow separates due to the interaction of the separation
shock, which forms ahead of the impinging shock. The flow
reattaches nearly at the foot of the reattachment shock, which
arises behind the expansion zone occurring within the recir-
culation bubbie.

The test case has been selected to study the effects of the
grid quality on the solution when a mesh embedding technique
is used, and to assess the computational efficiency of the
proposed method. It must be observed that a laminar shock-
wave boundary-layer interaction occurs mainly at the edge of
the boundary layer. Consequently, an accurate resolution of
the flow is required in the vicinity of the wall as well as in
the proximity of the boundary-layer edge. Computations have
been carried out on three different grids: 100 x 48; 150 X
72; and 200 X 96. Numerical experiments have indicated that
the aspect ratio should assume values of o(1) in the far field,
and values of 0(10) in the vicinity of the wall, so as to capture
both the leading-edge shock and the (impinging) shock-wave
boundary-layer interaction. The grids have been generated in
such a way to obtain an aspect ratio distribution that varies
between 2 and 30, and are equally spaced in the x direction.
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Embedded grids have been generated by using an adap-
tation criterion based on the product of pressure and velocity
gradients, well suited for local refinement in the critical re-
gions of the flow: near the leading edge; across the separation,
impinging, and reattachment shocks; and near the boundary-
layer edge where the interaction occurs. The threshold pa-
rameter has been selected in such a way to have an equal
number of cells on the different grids. This refines at any grid
level at most one-fourth of the total number of initial grid
cells. A typical grid topology with two levels of embedding
on the 150 x 72 mesh is shown in Fig. 3.

The wall pressure and skin friction distributions are shown
in Figs. 4 and 5, where the results obtained on the 100 x 48
and 150 X 72 grids with two levels of embedding are compared
vs the globally refined (200 X 96) grid solution and against
the experimental values of Hakkinen. As the number of cells
increases, a faster recompression across the separation shock
followed by a slower recompression through the reattachment
shock are predicted, in agreement with the experimental find-
ings. The computed results also show that the reattachment
shock is the most sensitive to grid refinement. For all cases,
the extent of separation is predicted within a 10% error.

Let the percentage error ¢ on the computed plateau P pres-
sure be defined as

where p and p are, respectively, the computed pressure and
the pressure estimated according to the following formula:!

i . he
(ﬂ) _q LM G
P/ p 2 B-.

where B, C,,, and K are, respectively, the Prandtl-Glauert
compressibility factor, the skin friction coefficient ahead of
the interaction region, and. a constant equal to 1.65.

e

Fig.3 Grid topology for 150 X 72 mesh with two levels of embedding.
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Fig. 4 Wall pressure vs Re, for SWBLI (—-—, 100 x 48 ¢-0; ---,
100 x 48 €-2, -+, 150 X 72 €-2; —, 200 X 96 €-0; [, Ref. [11)).
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Fig. 5 Skin friction coefficient vs Re, for SWBLI (—-—, 100 x 48
€-0; -, 100 x 48 €-2; ----, 150 X 72 €-2; —, 200 X 96 ¢-0; [, Ref.
11).

The effects of grid refinement and adaptive embedding on
¢ are shown in Fig. 6, where the error is plotted vs the number
of grid cells N (which include the embedded ones). The figure
clearly shows that, by adaptive grid refinement, the plateau
pressure is predicted with the same accuracy of a globally
refined grid (the error variation is between 2 and 0.5%).

All computations have been performed on a IBM RISC-
6000/530, and the total CPU time (in seconds) per unit cell
for the different test cases is: 2.1 (¢-0) and 2.4 (£-2) on the
100 x 48 grid; 3.4 (€-0) and 3.5 (€-2) on the 150 x 72 grid;
and 7.1 on the 200 X 96 grid. Then, if one defines the effi-
ciency E as the inverse of the ratio of the total CPU time per
unit cell (of a given solution) to the total CPU time per unit
cell of the reference solution (the globally refined one), for
the same convergence level, E: 1) scales well with the number
of initial grid cells; 2) and it does not depend strongly on the
number of embedded grid levels.

Double Ellipse Test Case

The laminar flow over a double ellipse body has been in-
vestigated to show the dependency of the solution upon the
topology of the adapted region, and to prove that an efficient
“low-order”” scheme does behave as a *‘high-order method,”
when used in conjunction with adaptive mesh embedding.

The geometry of the lower surface of the body is defined

by:
JESR T G
(0.06) * (0.015) !
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Fig. 6 Plateau pressure error vs number of cells (*, 100 x 48; [,
150 x 72; W, 200 x 96).

For x = —0.03 the upper surface is described by the above
formula; for x > —0.03 the curve describing the body is the
following:

¥ 2 y 2 ~
<0.o3s> " (o.ozs) =1

The double ellipse is truncated at x = 0, and it is extended
by a cylinder for 0 = x = 0.016.

Several adaptation criteria have been tested for the differ-
ent test cases. For all cases, only one level of embedding has
been generated. Note that, for these test cases, the cells in
the vicinity of the outflow boundary have not been refined.
Such a limitation is not essential to assess the approach, be-
cause for hypersonic flows, the outflow boundary treatment
can affect the solution only within the subsonic portion of the
boundary layer.

All computations have been obtained on an initial grid
consisting of 176 X 74 cells. Freestream conditions are im-
posed along the external (outermost) boundary, and second-
order extrapolation conditions are imposed at the rightmost
boundaries. At the wall, no-slip conditions and temperature
are imposed.

The first test case corresponds to the following flow con-
ditions: the freestream Mach number is M., = 8.15; the angle
of incidence is « = 0 deg; the unit Reynolds number is
Relm = 1.67 - 107; and the wall temperature is 288 K. The
flow is characterized by a bow shock standing at a distance
o/c = 0.04 (¢ = 0.076 m, the length of the body) from the
nose, and a shock that originate at the canopy. The interaction
of the two shocks affects the curvature of the bow shock.
Moreover, the interaction of the canopy shock with the
boundary layer causes the flow to separate with reattachment
on the canopy. Due to the interaction, the canopy shock
assumes the typical A-shape.

The selection of the embedding criteria depends upon the
physical phenomena that affect the details of the flows. For
this test case, greater accuracy is required across the bow and
the canopy shocks, and at the interaction site between the
latter one with the boundary layer. Two criteria have been
used: one based on the velocity gradient (FGU), and the other
on the velocity and pressure gradients (FGUP).

For the same threshold parameter, the two criteria yield
two different adapted regions. Near the wall it is the velocity
variation, rather than the pressure one, responsible for the
enrichment, and the embedded meshes generated by the two
criteria do not differ from each other. Away from the wall,
the criterion based on velocity and pressure gradients yields
a better embedding across the canopy shock, and conse-
quently a better definition of the latter.
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The computed solutions are compared vs that obtained with
a Runge-Kutta technique with adaptive dissipation without
embedding (RKAD), and vs that computed with a total var-
iation diminishing Runge-Kutta algorithm (RKTVD). The
improvement in the resolution when using mesh embedding
is evident. As observed from Figs. 7 and 8, where the pressure
and skin friction coefficient distributions are reported, the
details of the interaction between the canopy shock and the
boundary layer can be detected with greater accuracy with
mesh embedding.

RKAD predicts a small separation region: the flow sepa-
rates at x = —0.0375 and reattaches at x = —0.0263. RKTVD
yields a primary recirculation region followed by a secondary
one: separation occurs at x = —0.0381 with reattachment at
x = —0.0261. Two separations are also predicted with mesh
embedding. The criterion based on velocity gradient predicts
separation atx = —0.0413 and reattachment at x = —0.0245.
The criterion based on velocity and pressure gradients predicts
separation at x = —0.0419 and reattachment at x = —0.0245.
A more accurate definition of the region of recirculation is
obtained with the latter criterion.

The flow conditions for the second test case differ from
those of the first case only in the angle of incidence (equal
to 30 deg). The shock stand-off distance is 8/c = 0.069. The
differences with the case at zero incidence are mainly due to
the large incidence, that causes the stagnation point to move
forward along the lower surface. Moreover, the angle of at-
tack determines a thinning of the shock layer on the windward
side, with a thickening on the leeward side, and a weaker
interaction between the canopy shock and the boundary layer.

0.00 T T 7 T T T T =1
—-.060 -.050 -.040 -.030 -.020 -.010 .00O 010 .020

&£

Fig. 7 Pressure coefficient vs x for M, = 8.15, « = 0 deg (——,
RKAD; ----, RKTVD; ---, FGU; —, FGUP).

»moi

-.060]

-.080 T T - T T T T 1
-.060 -.050 -.04C -.030 -.020 -.010 .000 .010 .020

£

Fig. 8 Skin friction coefficient vs x for M, = 8.15, a = 0 deg (—-—,
RKAD; -+, RKTVD; ---, FGU; —, FGUP).
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The grids generated with the two criteria are shown in Figs.
9 and 10. The embedding criteria selected for this test case
are based on the velocity gradient (FGU) and on the undi-
vided difference of velocity (FDU). The latter criterion yields
a smoother distribution of the embedded cells across the bow
shock and in the vicinity of the canopy.

The computed iso-Mach lines are shown in Figs. 11-14;
pressure and skin friction coefficients in Figs. 15 and 16. Com-
parison of the results with those obtained with RKAD and
RKTVD indicates that the quality of the solution is greatly
improved with just one level of embedding. The computations
have been performed on an initial grid with the same number
of cells as for the previous case. Hence, the grid is “finer”
on the windward side (being that the shock layer is thinner)

and “‘coarser” on the leeward side (where the shock layer is -

thicker). The solution with RKAD predicts, indeed, a rather
smooth shock on the leeward side: an indication of poor res-
olution. RKAD predicts separation at x = —0.0401 and reat-
tachment at x = —0.0255. Both RKTVD and the present
method predict a larger extent of separation, with a primary
and secondary recirculation. RKTVD predicts separation at

Fig. 9 . Grid topology for M. = 8.15, a = 30 deg (FGU).

Fig. 10 Grid topology for M, = 8.15, @ = 30 deg (FDU).

x = —0.0401 and reattachment at x = —0.0249. The solu-
tions obtained with the two different embedding criteria do
not show appreciable differences (separation is at x = —0.0405
and reattachment at x = —0.0250). However, the criteria
determine the topology of the adapted region and affect the
computational efficiency. For the same threshold parameter,
the first criterion yields fewer embedded cells and it is more
efficient than the other one.

The technique has been applied to compute two more test
cases corresponding to the following conditions: M, = 25;
a = 0 deg, 30 deg; and Re/m = 2.20 - 10%; and the wall
temperature is 1500 K. At such a high Mach number the flow
is characterized by a thin shock layer and a thick viscous layer,
and the shock-wave boundary-layer interaction is not as im-
portant as in the previous two cases. At zero incidence, the

Fig. 11 Iso-Mach lines (AM = 0.25) for M, = 8.15, & = 30 deg
(RKAD).

Fig. 12 Iso-Mach lines (AM = 0.25) for M, = 8.15, @« = 30 deg
(RKTVD).
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Fig. 13 Iso-Mach lines (AM = 0.25) for M. = 8.15, a = 30 deg
(FGU). .

Fig. 14 Iso-Mach lines (AM = 0.25) for M., = 8.15, « = 30 deg
(FDU).

flow is characterized by the bow and canopy shocks and their
mutual interaction. At 30 deg of incidence, the canopy shock
is rather weak. Consequently, for a better shock resolution,
the adaptation criteria must be defined via pressure sensors.
In particular, at zero incidence, the selected criterion has been
based on the pressure gradient (FGP); at 30 deg of incidence
it has been based on the adaptive dissipation (FAD). Com-
putations for the two cases have been carried out on a 176 X
74 (initial) highly stretched grid. The computed results show
that the resolution of the shocks is greatly improved by mesh
embedding. However, the solution does not show appreciable
differences in the boundary layer, as observed from Fig. 17,
where the skin friction coefficient of the 30 deg is plotted vs
x/c.
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1.20~
s 1.004
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0.60-
0.40
0.20
0.00-

-0.20 T T T — T T T |
-.060 -.050 -.040 -.030 —-.020 -.010 .000 .010 .020

xr
Fig. 15 Pressure coefficient vs x for M, = 8.15, a = 30 deg (— —,
RKAD; ----, RKTVD; ---, FGU; —, FDU).
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Fig. 16 Skin friction coefficient vs x for M, = 8.15, « = 30 deg
(——, RKAD; ----, RKTVD; ---, FGU; —, FDU).
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Fig. 17 Skin friction coefficient vs x for M, = 25, a = 30 deg (—-—,
RKAD; ----, RKTVD; —, FAD).

Conclusions

In the present work, a technique for improving the solution
accuracy by adaptive mesh embedding has been applied to
viscous high-speed flows.

The topology of the adapted region depends upon the ad-
aptation criterion and it affects the quality of the solution.
For a given problem, no general rules exist for selecting the
most appropriate adaptation criterion. Only the knowledge
of the physical phenomena of interest can give indications on
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the selection of the criteria. The computed results show that
the solution accuracy of flows characterized by shocks and
their mutual interactions can be improved by using criteria
based on pressure sensors. If shock-wave/boundary-layer in-
teraction phenomena are important, then the criteria must
also depend upon a kinematic sensor.

The variety of the high-speed flows here computed, and
the extensive comparison with two different methods (an ef-
ficient “low-order” one, and a low-efficiency, high-order tech-
nique) show that the adaptive mesh embedding technique
here described is a powerful technique to increase the accu-
racy of low-order efficient schemes, and to make them behave
as high-efficiency, high-order schemes.
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